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ABSTRACT
The conventional approach to orbit trapping at Lindblad resonances via a pendulum
equation fails when the parent of the trapped orbits is too circular. The problem is
explained and resolved in the context of the Torus Mapper and a realistic Galaxy
model. Tori are computed for orbits trapped at both the inner and outer Lindblad
resonances of our Galaxy. At the outer Lindblad resonance, orbits are quasiperiodic
and can be accurately fitted by torus mapping. At the inner Lindblad resonance,
orbits are significantly chaotic although far from ergodic, and each orbit explores a
small range of tori obtained by torus mapping.
Key words: Galaxy: kinematics and dynamics – galaxies: kinematics and dynamics
– methods: numerical
1 INTRODUCTION
It has long been recognised that angle-action variables,
(θ, J) are valuable tools for galactic dynamics (e.g. Lynden-
Bell & Kalnajs 1972; Kalnajs 1977; Weinberg 2001). Over
the last decade, the use of angle-action variables has become
more widespread on account of the arrival of algorithms for
computing the transformation between these rather abstract
variables and ordinary phase-space variables (x,v). All these
algorithms derive from our ability to solve the Hamilton-
Jacobi equation for the Sta¨ckel potentials (de Zeeuw 1985)
or limiting cases of them, but a variety of stratagems make it
possible to obtain good approximations to angle-action coor-
dinates for most plausible galactic potentials. One stratagem
is the Stc¨kel Fudge (Binney 2012; Sanders & Binney 2015),
another is torus mapping (Binney & McMillan 2016, and
references therein), and a third is construction of the gener-
ating function by orbit integration (Sanders & Binney 2014).
These techniques are all limited to orbits that are qualita-
tively the same as orbits supported by Sta¨ckel potentials.
The phenomenon of resonant trapping gives rise to or-
bits in real potentials that are qualitatively different from
any orbit in a Sta¨ckel potential, and we have reason to
believe that such orbits are astronomically important (e.g.
Dehnen 2000; Monari et al. 2017; Pe´rez-Villegas et al. 2017).
Binney 2018, (hereafter B18) gave algorithms for the con-
struction of angle-action variables for orbits that are trapped
at the principal resonances of a realistic model of the
Galaxy’s bar. The paper focused of trapping at the coro-
tation and outer Lindblad resonances (OLRs), but its ap-
⋆ E-mail: binney@physics.ox.ac.uk
proach is more widely applicable. Indeed, the code released
with the paper was directly applicable to orbits trapped at
the inner Lindblad resonance (ILR). C++ code that com-
putes tori trapped at the principal resonances of a disc was
released in the form of an upgrade to the Torus Mapper
(hereafter tm) (Binney & McMillan 2016).
In the course of a study of signatures of resonant trap-
ping in velocity space at the Sun (Binney 2020), it emerged
that the standard approach adopted by B18 fails for certain
nearly circular orbits. The principal aim of this paper is to
explain what this problem is, and to show how it can be
solved. The performance of the version of tm that resolves
this problem is illustrated by tori that straddle the standard
and new regimes at both the ILR and OLR.
Paper is organised as follows. Section 2 specifies the
model of the Galactic disc and bar that is employed. Sec-
tion 3 explains why the standard pendulum equation relied
on by B18 breaks down and presents a more robust algo-
rithm. Section 4 applies the new algorithm to orbits trapped
at OLR, while Section 5 applies it to orbits trapped at the
ILR. Section 6 connects the angle-action approach to ele-
mentary theory of perturbed orbits, and Section 7 sums up.
2 THE POTENTIAL AND UNITS
We need a reasonable model of our Galaxy’s potential Φ(x).
As in B18 we assemble Φ by adding a quadrupole to an
axisymmetric part
Φ(R, z, φ) = Φ0(R, z)− Φ2(R, z) cos(2φ), (1)
where the minus sign ensures that the bar’s long axis is
φ = 0. It is natural to adopt for Φ0 a potential that has
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Figure 1. Full black curve: circular-speed of the “best” potential
of McMillan (2011). Dotted black curve: circular-speed of an ax-
isymmetric potential that is consistent with the existence of x2 or-
bits in combination with the S15 bar. Full red curve: (∂Φ2/∂φ)1/2
from the B18 bar model. Dashed red curve (∂Φ2/∂φ)1/2 from the
S15 bar model.
Figure 2. Closed orbits in the B18 and S15 potentials.
been fitted to a variety of observational data under the as-
sumption that the Galaxy comprises thin and thick discs,
and axisymmetric bulge and dark halo. As in B18 we for the
most part adopt the “best” potential of McMillan (2011).
Sormani et al. 2015, (hereafter S15) constrained the
bar’s contribution to Φ with hydrodynamical simulations
of the flow of gas in the Galactic plane; these simulations
yielded longitude-velocity plots that could be compared with
observations in the 21 cm and 2.6mm lines of hydrogen and
CO. S15 adopted a simple functional form for ρ and obtained
Φ2 by integrating Poisson’s equation. B18 did not use the re-
sulting potential directly but instead adopted a simple func-
tional form for Φ2, derived the corresponding density from
ρ = (4piG)−1∇2Φ and chose the strength of the quadrupole
component so that at large R it matched that of S15. This
procedure guarantees good agreement between the B18 and
S15 potentials at the OLR, but allows significant disparity
Figure 3. Closed orbits in the S15 bar combined with a more
massive bulge. The black dashed curve in Fig. 2 shows the circular
speed of the axisymmetric component.
between the potentials at the ILR. Since we here present
results at the ILR as well as the OLR, it is important to
compare the non-axisymmetric forces implied by each bar
model as a function of radius. Fig. 1 does that by show-
ing the circular-speed curve from the axisymmetric model
alongside the azimuthal analogues, (∂Φ2/∂φ)
1/2, from the
two bar models. These agree by construction at large R, but
at small R the S15 curve peaks sooner and higher.
The bottom two panels of Fig. 2 shows the closed or-
bits in these two model potentials. The greater quadrupole
strength of the S15 potential at small radii makes the x1
orbits (plotted in black) more elongated than in the B18
model, and completely eliminates the x2 orbits (plotted in
red). A viable bar model requires x2 orbits because dense
gas moving on these orbits forms the heart of the Central
Molecular Zone (e.g. Ferrie`re et al. 2007). Fig. 3 shows closed
orbits when the S15 bar model is combined with an axisym-
metric model that has a more massive bulge and therefore a
more steeply rising circular speed curve. The full black curve
in the top panel of Fig. 1 shows the circular speed curve of
the McMillan (2011) potential that does not produce x2 or-
bits when combined with the S15 bar, while the black dashed
curve shows a more steeply rising circular speed curve ob-
tained by increasing the central density of the bulge from
9.56 to 15.6 × 1010 M⊙ kpc
−3. Fig. 3 shows that with the
more massive bulge the S15 bar permits x2 orbits.
2.1 Units
In tm the natural unit of distance is kpc and the natural unit
of velocity is kpcMyr−1 = 978 kms−1, with the consequence
that the natural units of frequency and action are Myr−1
and kpc2Myr−1, respectively. In the following units will not
be given on the understanding that quantities are expressed
in tm’s natural units.
3 MOTION IN THE SLOW PLANE
By torus mapping one can foliate phase space by 3-tori on
which a given axisymmetric Hamiltonian is nearly constant.
In fact, a foliation by tori defines a Hamiltonian
H(J) ≡
1
(2pi)3
∫
d3θH(θ,J) (2)
for which the foliation’s tori are orbital tori. In the follow-
ing Ω denotes the vector formed by the frequencies ∂H/∂Ji
that this integrable Hamiltonian defines. Motion in the full
c© 0000 RAS, MNRAS 000, 000–000
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Hamiltonian can then be studied as the effect of the pertur-
bation
H1(θ,J) ≡ H(θ,J)−H(J) (3)
on the integrable motion inH for which we have angle-action
coordinates.
We express H1 as the Fourier series
H1(θ,J) =
∑
n
Hn(J)e
in·θ, (4)
where the n are 3-vectors with integer components. Even a
small amplitude Hn can qualitatively change the dynamics
if it acts in the same sense for a long time, as it will do if
the corresponding frequency n · Ω is small. One finds that
remarkably accurate results can be obtained by retaining in
the sum of equation (4) only terms in which n is equal to
some vector N and its integer multiples.1 B18 studied the
cases N = (0, 0, 1) (corotation) and N = (1, 0, 2) (OLR).
The complex number Hn was reduced to its modulus and
phase by writing
Hn = hne
iψn . (5)
Dropping all terms except those involving N essentially
reduces the motion to that in the plane spanned by the ‘slow’
angle and action
θ′1 ≡ N · θ and J
′
1 ≡
J1
N1
. (6)
J ′1 is not a constant of motion and its conjugate variable θ
′
1
does not increase linearly with time. Linear combinations
of the old actions remain approximate constants of motion,
however:
J ′3 = J3 −
N3
N1
J1 (7)
and J ′2 which is obtained by replacing 3 with 2 in this for-
mula.
A third real number in addition to hN and ψN plays an
important role in the dynamics, namely
G ≡
∂Ω′1
∂J ′1
=
∂2H
∂J ′21
(8)
evaluated when N ·Ω = 0.
3.1 The problem
The critical weakness of the standard algorithm used by
B18 can be anticipated from Fig. 4, which is a plot of the
(Jφ, Jr) plane in the vicinity of the OLR. A ladder sloping
from lower right to upper left is evident. Its centre line marks
the axisymmetric tori that are in perfect resonance with the
bar because on them 2(Ωp−Ωφ) = Ωr. The ladder’s ‘rungs’
are formed by the lines
J ′3 ≡ Jφ − 2Jr = constant (9)
along which libration carries an orbit in the presence of a
bar: the bar changes both a star’s angular momentum and its
radial action, but in such a way that J ′3 is (approximately)
invariant at the value associated with its rung. The problem
1 By the reality of H1 we must always include also n = −N and
Binney (2016) included also n = ±2N.
Figure 4. Orbits trapped at the OLR in action space. The centre
line of the ladder marks the actions of orbits that satisfy the OLR
resonant condition Ωr+2(Ωp−Ωφ) in the axisymmetric potential.
The ladder is bounded by the extremes of the unperturbed actions
that are reached by orbits trapped at OLR. The dashed lines
within the ladder show the actions of orbits that just circulate
inside or outside OLR. The red dashed lines show the predictions
of the classical pendulum equation for the extremes in actions
achieved by trapped orbits.
we have to address is posed by rungs that cross the ladder’s
central line at a small value of Jr: the standard pendulum
equation used by B18 implies that such rungs carry the star
to negative Jr, which is not physically possible.
The underlying mathematical problem is this. Orbit-
averaging of the Hamiltonian H essentially reduces the dy-
namics to motion in the slow plane. In the case of the OLR,
the natural coordinates for this plane are J ′1 = Jr and
θ′1 = θr +2θφ. The standard argument is that the difference
∆ ≡ J ′1 − J
′
1 res between the current slow action and that of
the perfectly resonant torus satisfies a modified pendulum
equation, and if J ′1 res is sufficiently small, the amplitude of
the pendulum’s oscillations can be large enough to make
J ′1 res +∆ < 0. Given that this problem arises in the regime
of nearly circular orbits, in which the classical epicycle ap-
proximation should apply, it cannot define a fundamental
problem with the use of linear theory, but must arise from
a removable cause.
3.2 The solution
The problem is the coordinate singularity at the origin of the
(J ′1, θ
′
1) phase plane. At sufficiently large J
′
1 res, the motion in
(θ′1, J
′
1) is confined to an annulus that has the origin J
′
1 = 0
within it. As J ′1 res is reduced, the mean radius of the annulus
diminishes and eventually the hole at its centre disappears.
Then the dynamics plays out in a disc that encompasses
the origin and we need to move to coordinates that are not
singular there.
From the generating function
S(X, θ′1) =
1
2
X2 tan θ′1, (10)
we have
pX =
∂S
∂X
= X tan θ′1
J ′1 =
∂S
∂θ′1
= 1
2
X2 sec2 θ′1, (11)
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Figure 5. Contours of constant H(θ′1, J
′
1) when J
′
1 res is dimin-
ished by factors of 2 from J ′1 res = 0.05 (top) to 0.00625 (bottom)
in the coordinates defined by equations (12). Each panel corre-
sponds to a rung of the ladder in Fig. 4, with the upper panels
corresponding to higher rungs than the lower panels. H(X, pX)
is computed using quartics in ξ =
√
2J ′1 to fit H0(J
′
1) and
hN (J
′
1). The black contours are trajectories obtained by integrat-
ing Hamilton’s equation in the slow plane to define the tori with
the largest possible actions of libration.
so our new canonical coordinates are
X = ξ cos θ′1; pX = ξ sin θ
′
1, (12)
where
ξ ≡
√
2J ′1. (13)
Fig. 5 shows contours of the Hamiltonian that controls the
dynamics in the (J ′1, θ
′
1) plane at four values of J
′
3. This is
the Hamiltonian that controls the motion of stars along the
Figure 6. The values of H across the centres of each panel of
Fig. 5. Each panel corresponds to a rung of the ladder shown in
Fig. 4 and the corresponding curve is labelled by the value of
Jr at which its rung crosses the ladder’s centre line. For clarity
the curve for Jr = 0.025 is displaced upwards by 10−5, that for
Jr = 0.0125 by 2× 10−5, etc.
corresponding rung of the ladder in Fig. 4. In Fig. 5 the
values of Jr at which the rung cuts the ladder’s centre line
drop by steps of a factor 2 from Jr = 0.05 in the top panel
to Jr = 0.00625 in the bottom panel.
In the top panel the annulus has mean radius ∼ 0.3
and is occupied by crescent-shaped contours that enclose a
stationary point marked by a red dot at X ≃ −0.3. The
outermost crescent almost touches itself at the stationary
point marked by a red dot on the right at X ≃ 0.3. Fig. 6
shows the value of H along the X axes of the four panels of
Fig. 5. We see that the stationary points on the left Fig. 5
are mountain tops, while that stationary points on the right
of the upper panels are saddle points; in the top two panels
of Fig. 5 a lake bottom lies between these features. As J ′1 res
falls, the lake becomes less deep, and eventually its bottom
annihilates with the saddle point, so one is left with a moun-
tain that has a steep left-hand face while allowing a fairly
easy ascent from the right.
This annihilation occurs at the value of J ′3 of the rung
that first touches the Jφ axis in Fig. 4. Rungs higher up
the ladder terminate at the edge of the ladder, leaving space
between their ends and the Jφ axis for orbits that circulate
inside OLR.
The values of H plotted in Figs. 5 and 6 were computed
as follows.
• The complete Hamiltonian was Fourier analysed on the
perfectly resonant torus J ′1 res, and on tori with slightly
smaller and larger values of J ′1. As Jr changed along this
sequence, Jφ was adjusted to hold constant J
′
3. From the
Fourier amplitude H0 for vanishing wavenumber and that,
hN , for the resonant wavenumber, the coefficients of the
terms appearing in the standard pendulum equation were
determined.
• The pendulum equation then yielded estimates of the
smallest and largest values of J ′1 reached by the pendulum
when it librates with maximum amplitude. The dashed red
curves in Fig. 4 show these limiting values; they are evidently
excessive so are reduced by a factor 0.7. If the smallest value,
J ′1min, was predicted to be negative, it was replaced by a tiny
positive value.
c© 0000 RAS, MNRAS 000, 000–000
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• The Hamiltonian was then Fourier analysed on nine tori
that had values of J ′1 that spanned the range (J
′
1min, J
′
1max)
with Jφ again adjusted to hold constant J
′
3. The data for the
amplitudes H0(J
′
1) and hN (J
′
1) obtained in this way, which
are plotted in Fig. 6, were fitted by quartics in ξ (eqn. 13). In
B18, by contrast, these amplitudes were fitted by quadratics
in
∆ ≡ J ′1 − J
′
1 res. (14)
The use of ξ rather than ∆ as the independent variable is
partly motivated by equation (12), and partly by the con-
sideration that as J ′1 → 0, smoothness of H(X,pX) near the
origin requires that hN ∼ ξ because it is a dipole amplitude.
The need for quartics is indicated by the data in Fig. 6 for
Jr = 0.0125 shown by the short-dashed curve: in addition
to a local maximum at X ∼ −1.9 the curve has a point of
inflection near the origin. This structure cannot be fitted by
a quadratic.
• Given that hN (0) = 0, the quartic fitted to the data for
hN should have no constant term. The quartic fitted to the
data for H0 can be similarly specialised since we know that
0 = ∂H0/∂J
′
1 at J
′
1 res.
The quartic in ξ is fitted to data that covers a region
only slightly bigger than the annuli in Fig. 5 within which
orbits can be trapped. Consequently, no significance should
be attached to the quartic’s values well outside this region.
In particular, the bumps in the bottom of the lake that fea-
ture in the top two panels of Fig. 5 are of no significance.
For the effective Hamiltonians plotted in the upper
three panels of Fig. 5 there are two critical values of H to
determine. The first is the value associated with the red dot
at negative X around which the contours of trapped orbits
circulate; this is the value of I associated with vanishing ac-
tion of libration J (B18 eqn. 37). In the case of the OLR,
this value is a maximum (Fig 6). The other critical value is
the value of H at the saddle point along the positive X axis,
which divides trapped from untrapped orbits. These values
are computed by finding the roots of the cubic equations
obtained by differentiating
H(θ′1, ξ) = H0(ξ) + 2hN (ξ) cos(θ
′
1) (15)
with respect to ξ at θ′1 = 0 and pi. Only non-negative real
roots need be considered, but there can be as many as six
such roots. Roots that lie far from ξres are discarded, and
when three roots survive this cut, one chooses a saddle point
and a maximum if G < 0 or a minimum when G > 0.
The effective Hamiltonian that is plotted in the bottom
panel of Fig. 5 has only one critical value, namely the value
of its maximum, which characterises the orbit that has van-
ishing action of libration. A value is adopted as a minimum
that creates orbits that effectively circulate around the ori-
gin of the (θ′1, J
′
1) plane. This arbitrarily chosen value sets
the upper boundary of the lower rungs in Fig. 4.
The algorithm of B18 for reconstructing trapped orbits
is as follows. At any given value of θ′1, one finds the roots
∆± of the quadratic in ∆
I = H0(∆) + 2hN (∆) cos θ
′
1. (16)
In terms of the top panel of Fig. 5, this amounts to finding
the points at which a ray from the origin cuts the crescent-
shaped contour H = I . Once these points are known for all
rays that cut the contour, it is straightforward to evaluate
the integral
J = pi−1
∫
dθ′1(∆+ −∆−) (17)
and a similar integral that yields the conjugate variable
ϑ(θ′1).
It is easy to see that this algorithm may fail if the struc-
ture of the Hamiltonian is like those shown in the bottom
two panels of Fig. 5 because for large values of J each ray
cuts the contour H = I only once. Instead we find where
the X axis cuts the contour H = I on the extreme left, and
from there integrate Hamilton’s equations
dX
dτ
=
∂H
∂pX
,
dpX
dτ
= −
∂H
∂X
(18)
until pX changes sign, at τ1, say. The black half-contours
in Fig. 5 show results of such integrations. Values of X, pX
and τ are stored at each step. When the integration fin-
ishes, the frequency of libration is Ωℓ = pi/τ1 and the stored
times can be converted to true angles through ϑ = Ωℓτ . The
derivatives required for Hamilton’s equations are available
analytically:
∂H
∂pX
= 2hN sin θ
′
1
X
ξ2
+
∂H
∂ξ
pX
ξ
∂H
∂X
= −2hN sin θ
′
1
pX
ξ2
+
∂H
∂ξ
X
ξ
. (19)
4 ORBITS TRAPPED AT OLR
Each panel of Fig. 7 shows cross sections through five orbits
trapped at OLR. The full red curves are computed from an
object returned by resTorus L and calling its method SOS
for five values of I between Imin and Imax. The black dots
are consequents obtained by integrating the full equations
of motion with a fourth-order Runge-Kutta routine start-
ing from one point on three of the full curves. The dashed
blue curves are cross sections through some of the axisym-
metric tori that underlie the computation and are drawn
by the method SOS of the corresponding Torus object. The
fit between the dots and the full curves is almost perfect
except where the curves cross the R axis on the left. The
worst errors occur between the smallest and next smallest
blue curves in the lower panel, and reflect unresolved issues
regarding interpolating between tori that require a point
transformation (Appendix A3 of Binney & McMillan 2016).
The upper panel of Fig. 7 corresponds to the top panel
of Fig. 5. At this value of J ′3 = Jφ−2Jr the range in Jr over
which orbits librate has a lower as well as an upper bound.
Orbits with small Jr circulate in θ
′
1 too fast to be trapped,
while orbits with largest Jr circulate too fast the opposite
direction to be trapped. In Fig. 7 the horns of the crescents
reach round to touch each enclosing an island of blue dashed
ovals associated with circulating orbits with small Jr. In the
top panel of Fig. 5 these circulating orbits move along ovals
that cut the positive X axis to the left of the saddle point;
they tour the lake.
The lower panel of Fig. 7 corresponds to the bottom
panel of Fig. 5. At this small value of J ′3, θ
′
1 circulates so
slowly in the axisymmetric potential that the bar traps the
orbit, even at negligible radial action. Hence only orbits with
c© 0000 RAS, MNRAS 000, 000–000
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Figure 7. Orbits trapped at OLR in surfaces of section for Jr =
0.05 (upper) and Jr = 0.00625 (lower). The full red curves are
computed by resonant perturbation theory while the black dots
are obtained by Runge-Kutta integration of the full equations of
motion. The dashed blue curves are cross sections of some of the
axisymmetric tori that underlie the perturbation theory.
large Jr circulate, so in the bottom panel of Fig. 5 there are
no small ovals centred on the origin, and in Fig. 7 the origin
lies within the domain of red invariant curves that encircle
R ∼ 11.3 kpc.
In the bottom two panels of Fig. 5 the distinction be-
tween trapped and untrapped orbits has become unclear.
The smallest ovals in Fig. 5 describe orbits that keep close to
an unperturbed orbit with a particular value of Jr (marked
by the red dot) that fails to precess as it would in the un-
derlying axisymmetric potential. As one moves out to larger
ovals, the corresponding orbit cycles through a range of val-
ues of Jr that at first widens until it embraces the circular
orbit Jr = 0. Later the range gradually contracts while its
centre shifts to high values of Jr; this contraction is signalled
in Fig. 5 by the outer ovals becoming more nearly centred
on the origin. During the widening stage, the orbit’s major
axis oscillates with increasing amplitude synchronously with
variation in its eccentricity. During the contracting stage,
the major axis precesses with growing steadiness as the orbit
becomes more eccentric. Thus the transition from absolute
confinement (at the red dot) to motion very close to that
expected in the absence of the bar, is continuous.
As a consequence of this continuity, the lower rungs of
the ladder of Fig. 4 do not have unambiguous upper ends.
Figure 8. Trapping at the ILR of a weak bar: Bstrength=0.005
The lower two panels are for Jr = 0.005.
The upper ends of the higher rungs are, by contrast, clearly
defined by the value of J at which circulation sets in. In
Fig. 4 this ambiguity manifests itself in a slight kink in the
ladder’s top boundary, which has been set arbitrarily.
5 TRAPPING AT THE ILR
The non-axisymmetric part of the potential becomes more
prominent relative to the axisymmetric part as one moves
towards the Galactic centre, with the consequence that in
a given bar perturbation theory works less well for orbits
trapped at the ILR than at the OLR. This being so, results
are presented for bars that are weaker than that studied
at the OLR. In fact we will use B18 bar with amplitude
multiplied by a factor Bstrength < 1.
The ILR is defined by the vector N = (1, 0,−2).
Whereas at the OLR, an axisymmetric, perfectly resonant
torus yields G < 0 and ψN = pi, at the ILR G > 0 and
c© 0000 RAS, MNRAS 000, 000–000
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ψN = 0. Libration is still around θ
′
1 = pi, but now stars
move around a minimum rather than a maximum in H .
Fig. 8 shows the orbital structure of a very weak bar:
Bstrength = 0.005. The top panel shows closed orbits. Two
orbit families are evident. At radii larger than ∼ 0.7 kpc the
orbits belong to the x1 family in the notation of Contopou-
los & Papayannopoulos (1980), while interior to 0.7 kpc the
obits (shown in red) belong to the x2 family. The centre
panel of Fig. 8 shows contours of the effective Hamiltonian
in the slow plane analogous to Fig. 5. The structure is qual-
itatively the same as that in the top panel of Fig. 5. On the
left, crescent shaped contours are followed by orbits that
are trapped, while on the far right a saddle point sets the
boundary between trapped and untrapped orbits. The only
difference between this situation and that at the OLR is that
now we have a lake rather than a mountain on the left and
a hill rather than a lake near the centre.
Fig. 9 shows the (Jφ, Jr) plane in the vicinity of the ILR
for bars with strengths that increase from top to bottom
from 0.005 to 0.1. The ladder in the bottom panel includes
tori with Jr/Jφ as large as 0.77 even though the bar has
only a tenth of the strength of the B18 bar, and less than
a tenth the strength of the S15 bar. Tori with larger ratios
Jr/Jφ are costly to compute. Moreover, we shall find that
even in this bar trapped orbits are significantly stochastic
and are thus pushing the concept of an invariant torus to its
limit. For this reason in this section we restrict discussion
to Bstrength 6 0.1.
Like the OLR’s ladder in Fig. 4, the ladders in Fig. 9
slope from lower right to upper left, but their rungs slope
in the same sense as the ladder rather than in the opposite
sense. Again the higher rungs finish on the lower boundary
of the ladder, leaving room between that point and the Jφ
axis for orbits to circulate inside the ILR, while the lower
rungs reach the Jφ axis. As the strength of the bar grows, the
ladder becomes wider and area of the (Jφ, Jr) plane avail-
able to orbits that circulate inside the ILR shrinks dramat-
ically. As the ladder widens, the eccentricity of orbits along
its upper edge increases and computing their tori becomes
increasingly costly.
The ladders of Fig. 9 have marked kinks in their upper
boundaries at the last rung to start from the Jφ axis. These
kinks reflect the fact that that once the saddle point has
disappeared from the Hamiltonian in the slow plane, the
transition from libration to circulation occurs continuously
rather than at a well defined value of J , so the upper ends
of rungs have to be set arbitrarily.
Fig. 10 is the analogue of Fig. 5 for the ILR of a bar of
strength 0.1. The similarity between Fig. 10 and the bottom
two panels of Fig. 5 is striking. In the lowest panels of both
figures there is a continuous transition between trapped and
untrapped orbits. At both the ILR and the OLR, a clear
distinction emerges where the ladder’s lower edge reaches
the Jφ axis. In Fig. 10 the rung from this junction corre-
sponds to the middle panel, where the hill is annihilating
with the saddle point. Fig. 11 makes this evolution clearer
by showing the value of H along the X axis for several val-
ues of J ′3 = Jφ+2Jr. The curves for larger values of J
′
3 (low
on the ladder) have a global minimum on the left and slope
steadily upwards on the right. Around J ′3 = 0.088 the curve
develops a point of inflection which matures into a hill and
Figure 9. Orbits trapped at the ILR in bars of increasing
strength: from top to bottom Bs = 0.005, 0.015, 0.05 and 0.1.
a depression (saddle point) as J ′3 decreases further (i.e., one
moves up the ladder).
The left panel of Fig. 12 shows the closed orbits in the
potential with Bstrength = 0.1 constructed by integrating
the full equations of motion. The centre and right panels
show two orbits constructed from a common resTorus L.
The orbit in the centre panel circulates inside the ILR (i.e.,
in the top panel of Fig. 10 it moves around the middle red
dot). This orbit is clearly librating around an x2 orbit. The
orbit in the right panel is trapped at ILR; in the top panel
of Fig. 10 it moves around the red dot on the extreme left.
This orbit can be considered to be librating around an orbit
of the x1 family. A strong bar such as the S15 bar in the
citePJM11:mass potential may not support x2 orbits. This
failure evidently arises x2 orbits are orbits that circulate
c© 0000 RAS, MNRAS 000, 000–000
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Figure 10. The Hamiltonian that governs the dynamics of orbits
near the ILR of a bar with strength Sb = 0.1. From top to bottom
these Hamiltonians are for the rungs of the ladder in the bottom
panel of Fig. 9 that cut the ladder’s centre line at Jr = 0.007
0.008 and 0.009.
Figure 11. Effective potentials along the X axis for trapping
orbits at the ILR of a bar of strength Bs = 0.1.
inside the ILR and all the rungs of a strong bar’s ILR ladder
may ladder touch the Jφ axis, leaving no scope for circulation
inside the ILR.
Each panel of Fig. 13 shows sections through tori associ-
ated with a rung of the ladder in the bottom panel of Fig. 9.
As in Fig. 7 the blue dashed curves are sections through the
axisymmetric tori that provide the basis for the perturbation
theory. The red curves of each panel are sections through the
tori returned by a single resTorus L object for five values
of the integral I . The black dots are consequents obtained
by integrating the full equations of motion for 147Gyr from
initial conditions provided by two of these tori. In contrast
to Fig. 7, the dots do not lie on curves, indicating that the
orbits are stochastic. The degree of stochasticity increases
with the amplitude of libration. The boundaries of the re-
gion within which the consequents of an orbit scatter ap-
pear to be bounded by curves belonging to the family of red
curves.
6 RELATION TO REAL-SPACE
PERTURBATION THEORY
Elementary treatments of perturbation of near-circular or-
bits by a non-axisymmetric component of the potential (e.g.
Binney & Tremaine 2008, §3.3.3) do not use angle-action co-
ordinates. They proceed by perturbing Newton’s equations
of motion to derive the equation of motion for the radial dis-
placement ∆R of an orbiting star that is just the equation of
motion of a driven harmonic oscillator. The particular inte-
gral of this equation corresponds to a closed orbit while the
complementary function describes libration about this orbit.
The orientation of the closed orbit provided by the particu-
lar integral switches through 90deg across the resonance, but
∆R diverges as the resonance is approached. Sufficiently far
from the resonance these solutions provide useful approx-
imations to orbits such as those plotted in the right two
panels of Fig. 12.
These solutions apply to the regime of low Jr in which
there is no clear distinction between orbits that have or
have not been trapped. Hence for angular momenta that
are greater than that of the resonant orbit with Jr = 0,
elementary theory provides an approximation that is valid
until its amplitude ∆R becomes a significant fraction of R.
For angular momenta smaller than that of the resonant or-
bit, the approximation is useful near the part (if any) of the
Jφ axis that lies below and to the left of the resonance’s
ladder. The solutions do not describe orbits that lie within
the ladder at values of J ′3 below the critical value at which
trapping becomes sharply defined.
7 CONCLUSIONS
The algorithm used by tm to compute tori trapped at a
Lindblad resonance has been improved so it can handle trap-
ping at a Lindblad resonance of the least eccentric orbits.
This step was necessary before tm could be used to inves-
tigate the impact of such resonances on the kinematics of
the solar neighbourhood, which is the subject of a com-
panion paper (Binney 2020). The key change is to switch
from angle-action coordinates, which are polar coordinates
for the slow plane, to Cartesian coordinates for the plane.
This switch is only mandatory for orbits of low eccentricity,
but it is expedient to make it for all orbits.
Orbits that are profoundly affected by a Lindblad res-
onance occupy an elongated volume of action space that
slopes towards lower angular momentum Jφ with increasing
c© 0000 RAS, MNRAS 000, 000–000
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Figure 12. Left panel: closed orbits; x1 orbits black, x2 orbits red. Centre and right panels: an orbit that circulates inside the ILR and
an orbit trapped by the ILR computed using resTorus L. The potential has Bstrength=0.1.
Figure 13. Surfaces of section for orbits trapped at the ILR.
Red curves are computed from non-axisymmetric tori constructed
using the axisymmetric tori whose cross sections are plotted in
dashed blue curves. Black points show consequents obtained by
numerically integrating the full equations of motion from initial
conditions given by one point on two of the red curves. The lower
panel shows orbits on the lowest rung of the ladder in the bottom
panel of Fig. 9, and the upper panel shows orbits on a higher
rung.
radial action, Jr. In this zone the vertical action Jz and a
linear combination J ′3 of Jr and Jφ is conserved to a good ap-
proximation, so orbits move along lines of constant (Jz, J
′
3).
These lines constitute the rungs of a ladder. A new action
J quantifies the magnitude of the excursions an orbit takes
from the ladder’s centre line.
The higher rungs of the ladder have well defined end-
points at which orbits cease to move to and fro across the
ladder. We say that orbits that are located above or below
the ladder circulate rather than librate.
A number of rungs near the bottom of the ladder reach
the Jφ axis. Consequently, at the corresponding values of
J ′3 it is impossible to circulate inside the resonance. In con-
trast to rungs higher up the ladder, the lower rungs do not
have well defined upper ends at which libration suddenly
gives way to circulation. Instead as the value of J increases,
there is a continuous evolution of the orbit from libration
around an orbit of a certain eccentricity that differs from
an axisymmetric orbit only in that it does not precess, to
motion that is qualitatively the same as that of an eccentric
orbit in an axisymmetric potential.
Our numerical examples have used the potential defined
by B18, which is a combination of a realistic axisymmetric
Galaxy model and an analytic quadrupole. From the likely
radius of corotation outwards this potential is barely dif-
fers from that fitted by S15 to the flow of gas through the
Galactic disc. For this potential tm furnishes with ease tori
for corotation and outwards that reproduce with precision
the results of direct integration of the equations of motion.
At R . 3 kpc the potential’s quadrupole is smaller than
that of S15, which is too strong to permit x2 orbits in the
axisymmetric potential adopted by B18. In the vicinity of
the ILR, both bars induce significant chaos in phase space,
and are difficult to use in conjunction with tm because they
require very eccentric tori. So our numerical examples of
trapping at the ILR have been limited to a bar that has a
tenth of the strength of the B18 bar. At this strength, there
is limited chaos so one can study the structure of phase space
cleanly.
In a companion paper we use tm to understand bet-
ter the orbits of stars that approach the Sun and may be
trapped at either corotation or the OLR. It is currently un-
clear what scope tm has to assist in understanding phe-
nomena deep inside the bar, where trapping by several res-
onances, especially the ILR, must be important. The in-
dications are that orbits in this region are stochastic, but
they are certainly not ergodic. So we have to find means to
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quantify them, and tm, or an upgrade of it, is a strong con-
tender for this job. Given how profoundly orbits inside the
bar differ from axisymmetric orbits, it is tempting to write
code that produces triaxial tori directly rather than distort-
ing axisymmetric images into triaxial tori by perturbation
theory. On the other hand, surprisingly, the signs are that
the limitations encountered here when applying tm inside
the bar have less to do with the perturbation theory than
with production of the underlying axisymmetric tori. In any
event, the basic tm code requires further work, in particular
to enable it to interpolate cleanly between tori when a point
transformation is required.
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